The loss of criticality in the form of weak first-order transitions or the end of the conformal window in gauge theories can be described as the merging of two fixed points that move to complex values of the couplings. When the complex fixed points are close to the real axis, the system typically exhibits walking behavior with Miransky (or BKT) scaling. We present a novel realization of these phenomena at strong coupling by means of the gauge/gravity duality, and give evidence for the conjectured existence of complex conformal field theories at the fixed points.
Introduction
Fixed-point annihilation (FPA) is an interesting phenomenon in which two fixed points of the renormalization group (RG) flow merge and disappear as some parameter is varied. In the context of phase transitions and critical phenomena it is associated to a change from continuous to weak first-order transitions. Examples include the superconducting transition in the Abelian Higgs model [1, 2] , the related Néel-valence bond-solid transition in antiferromagnets [3, 4, 5, 6] , the ferromagnetic transition in the Potts model [7, 8, 9] , metal-Mott insulator transitions [10] and six-dimensional O(N ) models [11, 12] . FPA has also been associated to the boundaries of the conformal window in gauge theories with flavors, both in (2 + 1)-dimensional quantum electrodynamics [13, 14, 15, 16] and in non-Abelian gauge theories in 3 + 1 dimensions [17, 18] .
More generally, FPA has been proposed as a natural mechanism to produce "walking behavior" in gauge theories [19] . The idea is that, just after the merging, the critical points leave a footprint in the form of approximate scale invariance over a large range of scales. Typically the range of the walking region increases exponentially as parameters are tuned to the merging point, following Miransky (or Berezinsky-Kosterlitz-Thouless) scaling [20, 21, 22] . This behavior can be explained by continuing the theory to complex values of the couplings, so that the annihilation is understood as a migration of the fixed points to the complex plane after the merger [18] . Their effect on the RG flow is noticeable as long as they remain close to the real axis. It has been recently conjectured [19] that a non-unitary, complex conformal field theory (cCFT) exists at each of the two complex fixed points (cFPs), so that the properties of the theory in the walking region can be derived from perturbations of the cCFTs. Each cCFT has a complex spectrum of operators that is the conjugate of its companion's, implying that cFPs should always come in pairs.
Although FPA and cFPs are expected to exist generically, their study has been mostly limited to weakly coupled theories (see e.g. [23] for a recent example), as their identification requires computing the beta functions for the different couplings in the theory, a task that often can only be done via perturbation theory. In this paper we will construct a simple holographic model that realizes FPA and cFPs, thus showing that these phenomena can also occur at strong coupling. In addition, our analysis provides non-perturbative evidence that cFPs have the conjectured properties of cCFTs regarding the spectrum of local operators.
Fixed-point annihilation and complex CFTs
Consider a system with a dimensionless coupling g whose β-function depends on an external parameter α in such a way that, for α α * ,
We will see an explicit example in Sec. 3.1. If α > α * , discarding higher-order terms, the β-function vanishes at two values
To make sure that the theory is well defined in the far ultraviolet (UV) we may imagine that β has another zero at some g UV < g − . Decreasing the control parameter α the FPs g ± approach each other until they merge at α = α * . If we decrease α further, β(g) no longer has any real zeroes and the theory ceases to have a (real) conformal phase in the infrared (IR). However, for |α − α * | sufficiently small, β(g) has cFPs close to the real axis at g ± = g * ± i √ α * − α. In this regime the theory exhibits approximate scale invariance between UV and IR scales µ UV and µ IR defined by the values of the coupling g UV g * g IR . The ratio between these two scales becomes exponentially large as α approaches α * and shows the characteristic Miransky scaling
where we assumed that |g IR,UV − g * | √ α * − α. Thus if |α − α * | is small then the RG flow is slow in a large energy range, hence the term "walking" flow.
The scenario conjectured in [19, 9] is that cFPs correspond to pairs of non-unitary cCFTs that control the walking flow, which passes precisely in between them. Each cCFT should have operators of complex dimensions in the spectrum that are not matched by other operators with complex conjugate dimension in the same theory. Instead, the missing operators of complex conjugate dimensions in one cCFT should be part of the the spectrum of the companion cCFT. Thus in this sense the two cCFTs are complex conjugate of one another.
An important case is the operator associated to the coupling g itself, whose complex dimensions at each cFP,
with d the spacetime dimension, are indeed complex conjugates of one another. Moreover, this operator is close to marginality when α α * , with the leading deviation being imaginary and small. Using this, the hierarchy (3) can be rewritten as
Holographic realization
Previous holographic realizations of walking behavior with Miransky-like scaling in gravity duals [18, 24, 25, 26] are based on flows where the mass of a scalar field on the gravity side violates the Breitenlohner-Freedman (BF) bound. In these cases there is a real fixed point that becomes dynamically unstable but no cFPs have been identified. We will present a different construction in which both FPA and the resulting cFPs are explicitly realized. Couplings of the gauge theory are holographically dual to fields on the gravity side. For simplicity we focus on a single coupling dual to a scalar field. The action on the gravity side is thus
For each critical point φ c of the potential with V (φ c ) < 0 there is an anti-de Sitter (AdS) solution with its corresponding d-dimensional CFT dual. We choose to write V in terms of a (fake) superpotential W through the usual relation
The only reason for this is to simplify the presentation. In particular, this choice implies nothing regarding the possible presence of supersymmetry in the system. Critical points of W are also critical points of V (but not viceversa). Since we wish to model three FPs we take a superpotential with derivative
The resulting potential is shown in Fig. 1 . The UV FP dual to the AdS solution at φ = 0 is the analog of the FP at g = g UV in Sec. 2. The constants φ 0 and φ 0 are parameters of the model analogous to α. If both φ 0 and φ 0 are real then there are two additional real FPs at φ = φ 0 and φ = φ 0 , in analogy with g = g ± in Sec. 2. When φ 0 = φ 0 these FPs merge into a single one. If φ 0 and φ 0 become complex then they must be conjugate to one another since W must be real for real φ. In this case the potential looses two real critical points, giving a holographic realization of FPA. 1 At the UV FP the AdS radius is fixed by the integration constant
There are two possible choices depending on whether the flow is triggered by a source for O, in which case δ UV = d − ∆ UV , or by a non-zero expectation value for O, in which case δ UV = ∆ UV .
Expanding the superpotential around φ = φ 0 we get
where
is the AdS radius at φ = φ 0 and
The expansion around φ 0 gives analogous results with the replacements
In this case φ 0 corresponds to an UV FP deformed by a relevant scalar operator of dimension ∆ 0 = d − δ 0 , whereas φ 0 corresponds to an IR FP deformed by an irrelevant scalar operator of dimension ∆ 0 = d − δ 0 . When φ 0 = φ 0 the two points merge and the dual operator becomes marginal.
Complex fixed points and RG flows
In the so-called "domain wall" coordinates in which the metric takes the form
the solution is determined by the equations
In these coordinates the metric is foliated by copies of d-dimensional Minkowski space with scale factor e A(ρ) , which is therefore interpreted as dual to the RG scale in the gauge theory. Similarly, the scalar field φ = φ(ρ) is dual to a running coupling constant in a particular scheme, whose β-function is therefore (see e.g. [27] )
Close to any of the three real FPs φ c = {0, φ 0 , φ 0 } one finds the expected behaviour
and where µ is the RG scale, Λ c is the scale that triggers the flow away or into the FP, and g c is the corresponding (dimensionless) coupling at the FP. UV and IR FPs are approached for ρ → ∞ and ρ → −∞, respectively. The β-functions for our model are shown in Fig. 2 , where we see that they exhibit the behaviour discussed in Sec. 2.
Since the scalar field is dual to the coupling constant in the gauge theory, we propose that the holographic dual of the extension of this coupling to complex values consists of extending the scalar field on the gravity side to complex values as well. Since the scalar field couples to the metric, we also extend the metric components to complex values. We assume that, in this extension, the action (6) is a holomorphic function of g M N and φ. In other words, we do not introduce any explicit dependence on the complex conjugates of these fields in the action. Put yet another way, the equations of motion are obtained by varying the action with respect to φ and g M N as complex variables, as opposed to varying independently with respect to their real and imaginary parts.
With this extension, the fixed points do not disappear at φ 0 = φ 0 but simply move to the complex-φ plane. The dimensions of the operators dual to the scalar field at each cFP (11) are complex conjugate of one another, ∆ 0 = ∆ * 0 . In addition, there are formally AdS solutions with metrics g M N = {h M N , h M N } whose complex radii (10) are also complex conjugates, L 0 = L * 0 . Since we assume that the coordinates are real, this relates the two metrics by complex conjugation h M N = h * M N . Accordingly, any quantities that can be computed holographically at the cFPs purely in terms of geometric quantities will be related by complex conjugation. These include the expectation value of Wilson loops [28, 29] , the entanglement entropy [30] , and holographic c-functions [31] that are related to central charges and anomaly coefficients.
This result extends to complex RG flows between the UV fixed point at φ = 0 and the cFPs. Once we continue the scalar to complex values, the first-order equations (14) split into real and imaginary parts and the solutions describe the RG flow of the real and imaginary parts of the dual coupling. The scalar field still approaches the cFPs as given by the first equation in (16) . Since both ∆ c and L c are complex the coupling oscillates with decaying amplitude, as can be seen in the example of Fig. 3 . The only purely real flow is the straight horizontal line that passes exactly in between the cFPs and should exhibit walking behavior. We have collected some explicit formulas for the flows in Appendix A. 
Holographic complex conformal field theories
The holographic cFPs show many of the properties expected for a pair of cCFTs. In addition to the operator dual to φ, we will show that the spectrum of dimensions of local operators at one cFP is the complex conjugate of its companion's. Let X I denote the real components of a field in an arbitrary Lorentz representation. Then the action expanded to quadratic order around a cFP at φ c = {φ 0 , φ 0 }, h c = {h, h} will be
where we have separated a kinetic part determined by a differential operator
This gives the field equations
The general solution near the AdS boundary will be a superposition of exponentials of the form
Introducing this in (19) one finds a homogeneous system of equations for the coefficients a I c n , b I c n that has solutions when ∆ c n = {∆ n , ∆ n } take the values corresponding to the conformal dimensions of the dual operators O c n = {O n , O n }. We can now use holomorphicity of the action to show that
and, similarly, that M 2 = (M 2 ) * , where we have suppressed the IJ-indices for simplicity. This implies that the spectra of operators at the two cFPs are related by complex conjugation, as anticipated:
Walking behavior and Miransky scaling
Our simple holographic model correctly describes the physics of walking and the associated Miransky scaling when the cFPs are close to the real axis. In order to exhibit this we will heat up the real RG flow that passes exactly in between the cFPs in Fig. 3 . On the gravity side this corresponds to constructing black hole solutions that start in the UV as deformations of a d = 4 CFT by a ∆ UV = 3 operator with source Λ. We set φ 0 = 1 + i and construct solutions for several small values of , following the procedure described in [32] . Some explicit technical details can be found in Appendix B. At very high temperature the thermodynamics is dominated by the physics of the UV CFT, hence S UV ∝ T 3 . In a region with walking the entropy would show a similar temperature scaling, so S/S UV should be approximately constant. This plateaux can be clearly seen in the log-linear plot of Fig. 4 . To quantify the size of the plateaux, we declare that the flow is in the walking region if the following derivative is smaller than a certain control parameter ν
For definiteness we take ν = 1 2 10 −3 . The condition is satisfied for values of the temperature in a bounded range T UV > T > T IR . We identify these temperatures with the energy scales µ UV and µ IR . We then vary and plot the ratio of these scales as a function of the imaginary part of the scaling dimension ∆ 0 at the cFP. The result is Fig. 5 , which exhibits the expected scaling (5). 
Discussion
The simple holographic model that we have presented captures the physics of FPA. Continuing the scalar field to complex values in such a way that the action remains holomorphic, it is also possible to describe cFPs. Then a straightforward extension of the rules of the gauge/gravity duality allows us to study not only the properties of conjectured cCFTs at strong coupling but also the complex RG flows between them. When the cFP are close the real axis the real RG flow that passes exactly between them walks and displays the associated Miransky scaling behavior.
The holomorphic gravitational action defined in this way is complex and non-Hermitian, so its meaning beyond the classical level is unclear. It would be nice to relate our proposal to those in [33, 34] , where it was argued that complex saddle points may give important contributions to the path integral in particular cases.
Our construction is based on a bottom-up model. It would be interesting to find top-down, string theory realizations of FPA and cFPs. While the scalar potentials obtained in consistent truncations of string and M-theory generically possess cFPs, an open question is whether their distance to the real axis is controlled by some parameter that can be freely varied. This issue is currently under investigation.
A Complex RG flows
The β-function (15) corresponding to (8) has the desired properties to describe both walking and the physics of cCFTs. Expanding to quadratic order in g ≡ φ − φ 0 around the fixed point at φ = φ 0 we find
where L 0 is given in (10) . To this quadratic order, in addition to the fixed point at g = 0, there is another one at
When the fixed point at φ = φ 0 is close to the real axis, i.e. if φ 0 = 1 + i with 1, then this second fixed point is its complex conjugate since
Under these circumstances the model is expected to exhibit walking behaviour when the flow passes exactly between the two complex fixed points. In this regime the β-function is obtained by evaluating (24) at g W + g/2 with g W real. By rescaling the coupling g W , it can be seen that this β-function is of the form (1) with
recovering the results of the previous sections.
It is also straightforward to study the complex flows of this model by assuming that φ is a complex field so that the action is a holomorphic function. Both the field and the complex extrema of the potential have now both real and imaginary parts
In terms of these the first-order equations (14) take the form
where we fixed W 0 so that the scalar is dual to an operator of dimension ∆ UV = 3 at the UV fixed point and moreover we are working in a four-dimensional gauge theory. At the linear level around the UV fixed point, the system is solved by
showing that both the real and imaginary parts correspond indeed to sources for a ∆ UV = 3 operator. On the other hand, around φ = φ 0 the linear solution is
for real constants c 1 and c 2 . Notice that the modulus is exponentially decreasing as ρ → −∞, while the phase has an infinite number of oscillations. Examples of full non-linear flows are depicted in Figure 3 . The result is similar to the cartoon in Figure 11 of [9] .
B Black hole solutions
In order to construct the black hole solutions we followed the procedure described in [32] , which we now review for any dimensionality. This is applicable to any gravitational action of the form (6) with arbitrary potential admitting a UV fixed point. We are interested in solutions which are asymptotically AdS d+1 , so we choose the following ansatz for the metric
where d x 2 = dx 2 1 + · · · + dx 2 d−1 and we are assuming that all the functions depend only on the radial coordinate. Note that, since we are including the e 2B factor, the radial gauge is not fixed yet. It is possible to use this freedom to consider the scalar φ as the radial coordinate, so that
The price to pay is a dynamical equation determining B. With this choice it is implicitly assumed that φ is either monotonically increasing or decreasing. Then, from (6) and (33) we obtain the following equations of motion
where primes denote differentiation with respect to φ. It turns out to be useful to define the function G(φ) = A (φ), in such a way that the solution can be given in terms of the following integrals involving G
Moreover, there is a relation between the potential and this new function
By differentiating some combinations of (35) and (36) it can be seen that G satisfies the following master equation
As usual, the boundary conditions at the horizon (placed at φ = φ H ) are such that h has a simple zero, whereas the remaining functions are finite. In order to see what conditions should be imposed on G at the horizon, we evaluate the last two equations in (34) to obtain
Consequently, G + V (d−1)V must vanish at the horizon. Taking this into account, (37) can be solved perturbatively near the horizon
This series can be extended to any order without finding further integration constants. The numerical strategy to solve (37) is as follows. We choose a value φ H for the scalar and evaluate (39) near the horizon. Then this value is introduced as a seed in a numerical integrator such as Mathematica's NDSolve, which can be used to solve (37) numerically up to a value close to the UV fixed point, corresponding to AdS. The temperature T and entropy S associated to these black holes are computed as usual from the Euclidean time period and the horizon area, respectively. Indeed, they can be written as simple integrals involving G
where the appropriate values for the integration constants appearing in (35) were chosen so that the same AdS asymptotics is recovered for the different φ H that we consider (see [32] for details).
